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The volume fraction of core-and shell-regions is an important parameter in the control of temperature-dependent electrical properties of core-shell-microstructured electroceramics such as BaTiO 3 . Here, we highlight the potential unreliability of using capacitance ratios, obtained by simulating impedance spectra, to extract accurate volume fractions of the two regions. Two microstructures were simulated using a finite element approach: an approximation to a core-shell structure (the encased model) and a series-layer model (SLM). The impedance response of the microstructures was simulated for a range of input volume fractions. The volume fractions obtained from the simulation agreed with the input values for the SLM microstructure but differed for the encased model. Current density and electric field plots revealed that this discrepancy was caused by differences between the physical and electrical microstructures of the encased model. A stream trace analysis of current density demonstrated that the current follows the path of least resistance through the core, leaving regions of shell with lower current density. These differences are important when attempting to extract volume fractions from encased microstructures with small cores. In the present case, core volume fractions less than 0.7 produce differences in excess of 25%.
I. Introduction I MPEDANCE spectroscopy (IS) is a well-established technique to probe the electrical properties of a wide range of materials 1 and devices. 2 By measuring impedance spectra over a wide-frequency range, it is often possible to identify and characterize electrically distinct regions, for example, bulk and grain-boundary components in electroceramics. To separate different components or processes requires differences in their characteristic relaxation times (or time constants) of at least two orders of magnitude within the measured frequency range.
Ferroelectric BaTiO 3 -based ceramics form the cornerstone of the multilayer ceramic capacitor (MLCC) industry with over 2 trillion units produced each year. 3 Achieving the required AE 15% temperature coefficient of capacitance (TCC) for X7R and X8R 4 capacitors requires control of processing conditions to create electrically heterogeneous grains with a core-shell microstructure. The core regions are undoped-BaTiO 3 (Curie temperature~125°C), whereas the shell (outer) regions contain a distribution of dopants that alter electrical properties (electrical conductivity, r, and relative permittivity, e r ) and lower the Curie temperature. Jeon et al 5 showed that a shell thickness of about a third of the core radius is needed to obtain satisfactory TCC behavior for (Mg, Y) codoped BaTiO 3 using a combination of transmission and scanning electron microscopy (TEM, SEM) with fixed-frequency dielectric measurements. As BaTiO 3 is sensitive to dopants and contaminants, the core/shell ratio required depends on the dopants and dopant couples used. Moreover, the electrical microstructure may differ from the physical microstructure obtained by measurement of the dopant concentration. Further microstructural characterization is needed to optimize BaTiO 3 -based MLCCs. We have characterized the core and shell volume fractions in commercial positive temperature coefficient of resistance thermistors based on BaTiO 3 6 using IS. Analysis using complex electric modulus plots and spectroscopic plots of the imaginary component, M″, of the electric modulus suggested that the shell regions were about 20% of the thickness of the core regions. This was confirmed by conductive atomic force microscopy that revealed Schottky barrier regions of~500 nm for an average grain size of~5 lm. There has been recent interest in the incipient ferroelectric perovskite CaCu 3 Ti 4 O 12 (CCTO) due to the high and temperature stable capacitance behavior of CCTO ceramics at radio frequencies near room temperature. It is now widely accepted that this effect is due to electrical heterogeneity arising from semiconducting grains and insulating grain boundaries for samples processed at~1100°C. 8, 9 Between the extreme processing conditions of 700°C and 1100°C, where insulating and semiconducting grains were clearly revealed by separate peaks in M″ spectroscopic plots, the volume fractions of the two phases were estimated from changes in the M″ peak heights assuming a microstructure with a conductive core and an insulating shell. 10 A similar relationship between volume fractions of Suzuki phases in NaCl, using M* arc diameters instead of M″ peak heights, has been reported by Bonanos and Lilley. 11 These examples show that IS is potentially an easy and reliable technique to quantify core/shell volume fractions but we need to know when it can be employed to characterize the electrical properties of core and shell regions in microstructures. The analyses described above are crude extensions of the brick-work layer model (BLM) 12 used to identify bulk (grain) and grain-boundary responses in electroceramics. In the BLM, an equivalent circuit based on two parallel resistor-capacitor (RC) elements connected in series is used to analyze IS data. One element represents the grain response (R b C b ) and the other represents the grain-boundary response (R gb C gb ). Both give arcs in complex impedance (Z*) and electric modulus (M*) plots and Debye peaks in Z″ and M″ spectroscopic plots.
The BLM assumes that: all grains are cubic, isotropic and are separated by thin, resistive, regular grain-boundary regions (R gb ≫ R b and C gb ≫ C b ); the relative permittivity, e r , of the grain and grain-boundary regions is the same; the time constant, s = RC for the regions differs by at least two orders of magnitude allowing the responses to be resolved in the IS data. The capacitance for each region is a function of their respective thicknesses for a fixed electrode area and can be calculated from the arc diameters in M* plots. The volume ratio of bulk to grain-boundary regions is estimated as the ratio C b /C gb .
To test this analysis, we used the BLM of a dual RC circuit to simulate the IS response of grain shell (R 1 C 1 ) and grain core (R 2 C 2 ) regions, as shown in Fig. 1(a) . The resistivity of the shell region is assumed to be three orders of magnitude greater than the core and e r is assumed to be the same for both regions. The volume fraction of the core region, / core, is estimated from the M* arc diameters using the expression 10 :
where / core is the core region volume fraction, and M 0 1 and M 0 2 are the arc diameters corresponding to the shell and core regions, respectively, as shown in Fig. 1(a) . Varying the core-shell volume fraction strongly affects how the current flows through this microstructure. The current must pass through the region of the resistive shell in series with the conductive core region and the electrodes but it may avoid regions of the shell in parallel with the core [see Fig. 1(b) ], leading to an inhomogeneous current density within the microstructure. If the shell region in parallel with the core is less electrically active than the core, it will not contribute significantly to the impedance response, giving a discrepancy between the true volume fractions of the regions and those measured using an M* plot. Inhomogeneous current density within the microstructure will influence the R and C values extracted for the core and shell regions.
Kidner et al 13 have reviewed a good selection of techniques used to model IS of electroceramics. Some, like effective medium theory (EMT), are analytically solvable. 14 Others, based on Bauerle's BLM, 12 employ large resistor/ capacitor networks and require a numerical solution. Here, we compare a conventional BLM analysis for IS data with a finite element model (FEM).
II. Finite Element Method
We have developed a code 15 that uses Maxwell's equations 16 to solve the electrical response of the system directly for an arbitrary microstructure. The package can consider a full physical microstructure including (but not limited to) grain cores, grain shells, grain boundaries, and electrode contacts. This can include randomized, nonuniform microstructures but we focus here on the validity of extending the BLM approach to core-shell microstructures. Each region can be assigned material properties independently. This permits all the geometrical and material properties of the physical microstructure to be specified: core-shell volume fractions and their respective r and e r values. Similar approaches have been used in 2D modeling 17 however, hitherto 3D models have been limited in their complexity. 18 The simple physical microstructures discussed above can be controlled by altering the volume fraction of the core and shell regions. The geometry of the physical microstructure is produced using Voronoi tessellation. 19 First, the required grain shapes are generated. Subgrain features are then produced by shrinking the grain, leaving a volume for the shell region. All regions are then meshed with tetrahedral elements using the program Gmsh. 20 The corresponding electrical microstructure is determined by analyzing the simulated IS response and comparing with that assumed by the BLM. We assume that both phases have e r = 100 and the shell conductivity (0.1 lS/cm) is three orders of magnitude lower than the core conductivity (100 lS/cm). More realistic scenarios (e.g., noncubic grain microstructures; larger variations in permittivity and conductivity between the components) will be considered in future work.
Two microstructures are considered. The first is Maxwell's series layer model (SLM), 16 consisting of layers of shell and core regions connected in series with the layer normals parallel to the applied voltage difference [ Fig. 2(a) ]. The second is a core-shell microstructure, shown in Fig. 2 (b), consisting of nested cubes where the inner region is the core. This will be referred to as the encased model.
A range of volume fractions for the core region was used for both cases while keeping the material properties constant. The core and shell thicknesses for several core volume fractions (for both models) are listed in Table I . The distance between the electrode contacts was 2 lm. The mesh size was set from a convergence study at 20 000 nodes and over one million elements. The IS response of each model was simulated over the range 1 Hz to 0.1 GHz. At present the model simulates a linear (ohmic) current-voltage relationship. An arbitrary potential difference of 100 V was applied across the model by setting a Dirichlet boundary condition at the top and bottom of the model. All other external surfaces are assigned a Neumann boundary condition to confine the current inside the model. The IS data generated were plotted in Z* and M* formalisms using the program Zplot.
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3D representations of the current density, electric field, or electric potential were overlaid on the physical microstructure of the models to facilitate direct comparison. We use the current density distribution to identify regions that contribute significantly to the impedance response. The current density plots are taken at frequencies that correspond to the M″ maxima on M* plots at the maximum applied voltage. These show the highest concentrations of current density in the shell and core regions (the low and high-frequency M″ maxima, respectively) relative to the rest of the model and permit the electrical microstructure to be compared with the physical microstructure. Electric field plots taken at the same point are used to examine the relationship between electric field and current density. To analyze the current density plots, the conduction pathways through the model are plotted using a stream trace 22 analysis of the current density vector field produced by the program ParaView.
23 This gives the conduction pathway through the model by calculating the curl of the current density. An array of 19 by 19 stream tracer seed points was placed on the bottom electrode surface and the length of each trace measured. The standard deviation of the traces provides the distribution of conduction path lengths (DCPLs).
III. Results
The impedance response for both the SLM and encased models was simulated for a range of core volume fractions. Output core volume fractions were extracted using Eq. (1) and the results compared to the input values for both models. The SLM can be solved analytically and the output core volume fraction should be the same as the input value. This was used to validate the FEM code. It is also useful to compare the SLM response, the extracted R, C, s values, and the volume fractions of the core and shell regions with those of the encased model-where current flow will not be homogeneous except for the special cases / core = 0 or 1. M* plots of simulated IS data for the SLM and an encased structure (both with equal core and shell phase volume fractions) together with inserted current density plots for various frequencies (i)-(vi) are shown in Fig. 2 . The M* plots clearly demonstrate that the physical microstructure influences the IS response. For the SLM, the M* arc diameters are equal, as predicted for equal volume fractions. However, for the encased model, the shell arc is less than a third of the size of the core arc. Unless the physical microstructure is known, the volume fraction of the core is over-estimated by extracting C from the corresponding M* arc (as M 0 depends inversely on C). Likewise, the shell volume fraction is underestimated. For the encased model, the current density plots show regions of low current density in the parallel shell regions, as shown in Fig. 2 (e) (iv). The current density is homogeneous within the individual core and shell layers for the SLM, as shown in Fig. 2 
(e) (i)-(iii).
For the SLM, the core volume fraction (/ core ) calculated from the M* plots of the simulated IS data was equal to the input value for all volume fractions. For the encased model, the calculated value of / core was larger than the input value, as shown in Fig. 3(a) . The current bypasses the regions of the shell parallel to the core which do not contribute to the M* arcs. The Bonanos-Lilley equations 11 describe how a cubic unit of the electrical response of a material modeled by Maxwell's EMT can be equated to a dual RC circuit and were therefore used to provide an analytical fit to this effect. The agreement between the results obtained from the Bonanos-Lilley equations and the encased model shows that the discrepancies in volume fractions are physically reasonable, as shown in Fig. 3 . Although the difference between the input and output core fractions reduces at lower input fractions, expressing the output fraction as a percentage of the input value shows a much higher percentage deviation at smaller values of the input fraction, as shown in Fig. 3(b) .
R and C values from M* plots were obtained for the core and shell responses using the intercepts and the relationship xRC = 1, see Fig. 1(a) . This gave s for the core and shell region of the SLM as 8.67 ls and 8.75 ms, respectively, for all / core . This agreed with the input material parameters used in the model. For the encased model, s for the shell region (s shell ) was 8.75 ms for all volume fractions, whereas s for the core region (s core ) increased with decreasing / core . s core (encased model) agreed with s core (SLM) at / core = 1 but started to increase significantly at / core~0 .8 up to~5 s core (SLM) at / core~0 .02, Fig. 4 . Fitting semicircles to the M* arcs to calculate s for the core and shell regions revealed The maximum uncertainty was AE30%, so this alone could not account for the substantial changes in s core (encased model). The results in Fig. 4 imply a geometrical dependence in the value of s core (encased model). This contradicts the expectation that s should be geometry independent due to cancellation of the R and C geometric terms. 24 To further investigate the cause of this geometry-dependent effect, R and C values for the encased model (from the high-frequency core and low-frequency shell response in M* plots) were independently compared to those of the SLM. Except for the special cases / core = 1 and 0, the resistance for the encased shell region (R shell ) was lower than R shell for the SLM, Fig. 5(a) . In contrast, the core resistance (R core ) for the encased model was substantially higher than R core for the SLM, Fig. 5(b) . R core for the encased model showed an unusual trend with / core , Fig. 5(b) . There was a linear increase in R core from / core = 1.0 down to~0.4, followed by a leveling-off down to / core~0 .2 and finally a steep, nonlinear decrease toward the SLM value at / core~0 . This suggests a transition in the conduction behavior for the model associated with core-shell microstructural effects, especially for / core <0. 4 . Capacitance values for both regions and models had a similar form, increasing as the respective components became thinner. This suggests the enhancement of s core (encased model) at low / core is related to conduction pathways through the core phase.
For the encased model, the distribution of conduction path lengths DCPLs at the high-frequency Debye response (for the core region at the frequency associated with the M″ maximum) for a range of input / core values was obtained using methods described previously. The corresponding current density plots show heterogeneous current flow through the grains with a larger current density in the conductive core. This shows that the current follows the path of least resistance, in good agreement with theory and other computer modeling studies. 15, 25, 26 When / core is large, the current flowing through the encased core is almost homogenous but it becomes increasingly heterogeneous as / core decreases, Fig. 6(a) (i)-(iii) . The full-width half maximum (FWHM) value of the M″ peak associated with the encased core response was also measured, as shown in Fig. 6(b) . Comparison between the FWHM and values for the DCPLs shows that a broader path length distribution correlates to a broader M″ Debye peak, Fig. 6(c) . The broadening of the DCPLs is caused by increased curvature of the path lengths at lower / core values. The current density plots and overlaid conduction paths, Fig. 6(a) (i)-(iii) , are 2D slices extracted from the full 3D dataset. However, the path length statistics were calculated from the 3D model and not just the plots shown in Fig. 6 .
IV. Discussion
The simulations for the SLM and encased models highlight the significance and relationship between their physical and electrical microstructures, their influence on the impedance spectra produced and the applicability of the encased cubic grain model to assess core-shell volume fraction in ceramics. The SLM results in Figs. 2, 3 , and 5 validate our FEM. They show that s is independent of the chosen geometry for all values of / core for both the core and shell regions. As expected, the magnitude of the current density in the two regions is generally different and frequency dependent. The behavior at / core = 0.50 [ Fig. 2(e) (i) ] shows high current density in the resistive shell region at low frequency, whereas higher current density occurs in the conductive core region at high frequency, Fig. 2(e) (iii) . As s shell = 1000 s core, the maximum value of M″ for the shell occurs at much lower frequency than for the core and the two responses are well resolved in M* plots, Fig. 2(c) . The current density is homogeneous within each region, for all values of / core and frequency, Fig. 2(e) (i)-(iii) . For the SLM, this allows reliable extraction of core volume fraction and R, C, s as a function of the input core fraction / core as shown in Figs. 3(a) and 5, respectively.
The results for the encased model in Figs. 2, 3 , and 5 show the problems in extending the BLM to core-shell structures. The most obvious is the dependence of s core on / core for a wide range of / core values (in Fig. 4 , for / core <0.8, and our chosen values for r and e r ). When / core = 0.50 (Fig. 2) , 
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Simulation of Impedance Spectrathe change in physical microstructure from the SLM to the encased model clearly has a dramatic influence on the M* response. This is shown by comparing Figs. 2(c) and (d) , the volume fractions obtained from the ratios of the M* arc diameters and the current density behavior observed [ Fig. 2(e) ] within the core and shell regions. This has significant consequences for the electrical microstructure of the encased model. The current density plots in Fig. 2(e) explain the discrepancy between the volume fractions calculated from the simulated IS data in Fig. 2(d) and the input values for the encased model. Although the variation in the current density with frequency is similar in the encased model to the SLM, the current density is no longer homogenous within each region. Figure 2(e) (iv) shows the current to take the path of least resistance when presented with a choice of flowing through the (conductive) core or the (resistive) shell for the encased model. This leads to a lower current density in the shell region parallel to the core, reducing its contribution to the magnitude of the impedance response. This loss of effective thickness in the shell region increases the measured capacitance, which gives a smaller shell (low frequency) M* arc diameter in Fig. 2(d) . Using Eq. (1) to estimate volume fractions from M* arcs therefore underestimates the shell volume fraction and hence overestimates the core as our simulations are performed for a constant grain volume. As the core fraction decreases, the error in the core fraction estimated from M* spectra increased to over 250% [in Fig. 3(b) for / core = 0.02]. The error in the extracted core fraction exceeds 25% for / core <0.7.
Another approach would be to insert extracted capacitance values into the Bonanos-Lilley equations to predict the volume fractions of the regions. This has previously been tried by Kidner et al. 13, 27 However, this approach still underestimates / core because the BLM assumes nested cubes, whereas the Bonanos-Lilley equations, being derived from EMT, assumes nested spheres. A cube is more intrinsically conductive than a sphere assuming both shapes are the same material and volume. 28 Any simulations undertaken therefore require the correct physical shape of the microstructure to ensure results obtained from the simulated IS data are relevant and meaningful.
Although the shell region parallel to the core in the encased model has a much lower current density than the rest of the model, it is not zero. Furthermore, with decreasing / core the area of the shell region parallel to the core presented to the incoming current increases, reducing its effective resistance. Using the stream trace analysis of the current density vector field we highlight two conduction pathways at low / core , Fig. 6(a) (i)-(iii) . First, there is a long conduction path that curves more strongly toward the core as / core is reduced. Second, there is a short conduction path that goes straight through the parallel shell phase. A statistical analysis of the conduction path lengths for a range of volume fractions showed that the distribution of the conduction path lengths broadens as / core decreased. Measuring the FWHM of the high-frequency (core) M″ Debye peak revealed that both the core FWHM and the standard deviation of the distribution of the conduction path lengths increases as / core decreases, Fig. 6(b) . A secondary effect of the increased curvature of the long conduction pathways was the increased heterogeneity of the current density within the core, leading to the unusual conduction behavior and R core values shown in Fig. 4 , and the dependence of s core on the geometry, Fig. 5(b) .
These unusual core effects can be analyzed by inspecting variations in the electric field experienced by the core and shell regions in both the SLM and encased models. For both models the electrode area and cube volume are fixed for all / core . In all cases, the current density spreads laterally through the region in series with the electrodes to minimize overall resistance. This is in good agreement with a previous modeling study. 25 For the SLM, the core and shell regions are connected only in series and therefore the electric field remains homogeneous in each region, Fig. 7(a) . In this model, the physical and electrical microstructure are identical and any change in the physical microstructure arising from a change in / core will be reflected in the electrical microstructure and can be readily analyzed using IS data.
Due to the coexistence of series and parallel pathways in the encased model, the electric field experienced by the core region depends on both the physical microstructure (dimensions and morphology) and the material properties of the two phases. In the present model, where the cores are cubes and r core = 1000r shell ; e r,core = e r,shell , the electric field experienced by the core changes with / core . For / core ≥ 0.65 the electric field (and current density) experienced by the core is reasonably homogeneous, Fig. 7(b) , as the shell region parallel to the core is thin with a high effective resistance. The electrical microstructure therefore remains similar to the physical microstructure. For lower / core , the electric field concentrates at the vertices of the cubic core region, generating regions of high and low field inside the core. This is shown in Figs. 7(c) and (d) for / core = 0.10 and 0.02. This effect dramatically alters the electrical microstructure of the core compared to its physical microstructure. In particular, regions of high electric field extend from the cube corners and cube faces perpendicular to the electrode contacts, whereas regions of low electric field are observed near the surface of the cube centers for the cube faces that are parallel to the electrode contacts. This leads to an apparent dependence of s core on the geometry of the system for / core < 0.80 for our encased model, Fig. 4 . However, this will change for different physical microstructures (e.g., spheres as opposed to cubes) and for different material properties of the core and shell regions.
V. Conclusion
Finite element simulations have shown the electrical microstructure of an encased cubic core-shell microstructure can be significantly different from its physical microstructure. The electrical microstructure is defined by both the electrical properties of the core and shell regions and by how the physical microstructure modifies the electrical field and consequent current pathways in space. Regions of low current density contribute less to the magnitude of the impedance response but if their effective resistance is low enough, additional conduction pathways can form and broaden the M '' Debye peak associated with the core region. A reduction in the impedance response from blocking (resistive shell region) components makes extracting the volume fractions from M* plots or M″ spectra increasingly unreliable at lower values of the core fraction. At higher / core values (0.7 < / core < 1) it is possible to extract volume fractions with acceptable error bars. For lower / core values, substantial amounts of current must curl to bypass any surrounding blocking regions and enter the core. This leads to heterogeneous current density within the core region. This effect is increased by a heterogeneous electric field, leading to enhancement of s core . For the encased model presented here, which was based on an extension of the BLM, it should be noted that the increase in s core is significant only for / core < 0.8. This is due to our choice of nested cubes to build a microstructure. This highlights the importance of the physical structure of the grains and core and shell regions when attempting to simulate IS data using FEM. This can have a dramatic effect on the electrical microstructure. Future work is currently underway to; (i) investigate possible modifications to the known analytical equations to account for this effect, and (ii) how the use of more realistic grain shapes, roughness and porosity (i.e., a closer description of a real physical microstructure) influences the electric field and therefore the electrical microstructure and s values of core-shell and related microstructures. The influence of core and shell region material parameters on the IS response can then be explored.
